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Subsonic Potential Aerodynamics for
Complex Configurations: A General Theory
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A general theory of subsonic potential aerodynamic flow around a lifting body having arbitrary shape and
motion is presented. By using the Green function method, an integral representation for the velocity potential
is obtained for both supersonic and subsonic flow. Under small perturbation assumption, the potential at any
point, P, in the field depends only upon the values of the potential and its normal derivative on the surface,
£B, of the body. On the surface of the body, this representation reduces to an integro-differential equation relating
the potential and its normal derivative (which is known from the boundary conditions) on the surface £fi. The
theory is applied to finite-thickness wings in subsonic steady and oscillatory flows. Comparison with existing
results indicates that the method compares favorably with existing ones for both accuracy and computer time.

Nomenclature
a^ = freestream speed of sound
b = span of wing
bk = Equation (20)
c = chord of wing
Cp = pressure coefficint
Ct = lift distribution coefficient, Cpl — Cpu
cki = Equation (21)
F = nonlinear terms in Eq. (1)
G = Green function, Eq. (4)
h = thickness of wing
k = reduced frequency, o)L/U„
L = characteristic length
M = Mach number, U^/a^
n = normal to surface in x, y, z space
N = normal to surface in X, Y, Z space
NX, NY = number of elements in X, Y directions
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= Equation (5)
= Equation (12)
= function describing the surface I
= time
= nondimensional time, a^tp/L
= space coordinates
= Prandtl-Glauert coordinates, Eq. (10)
= freestream velocity
=(1-MC0

2)1/2

— Equation (6)
= surface surrounding body and wake in x, y, z space
= surface surrounding body and wake in X, Y, Z space
= surface surrounding body in X, Y, Z space
= thickness ratio
= velocity potential, U^x + Q)
= perturbation velocity potential
= value of </> at the centroid of the element Zf
= normal derivative of 0
= frequency of oscillation
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( )x = dummy variable of integration
D/Dt = total time derivative, d/dt + V<D V

I. Introduction

THE problem of evaluating the pressure distribution on a
wing, in steady or oscillatory motion, in subsonic or super-

sonic flow, is a fundamental problem in aeroelasticity. This
problem is usually solved by using well known lifting-surface
theories.1"3 These theories have two main disadvantages: first,
they are numerically complex and hence time consuming and,
second, they cannot be easily extended to cover more general
problems (wing-body-tail interaction, helicopter blades, etc.).

An excellent analysis of the present state-of-the-art in the
wing-body interaction problem is given by Ashley and Rodden.4
A very short, by no means complete, review of potential flow
around arbitrary configurations is given here. The methods of
Rubbert and Saaris.5 Labrujere, Loeve, and Sloof,6 Hess and
Smith,7-8 Tulinius,9 and Djojodihardjo and Widnall10 use
various combinations of sources and doublets inside and/or on
the surface of the body. These methods are valid for steady
subsonic flow except for the last one10 which is valid for unsteady
incompressible flow. Other methods, such as the one of
Woodward11 (for steady subsonic and supersonic flow) and of
Kalman, Rodden, and Giesing12 (for unsteady subsonic flow)
use lifting surface elements and axial singularity distributions.
The method of Giesing, Kalman, and Rodden13 uses lifting-
surface and slender-body theories combined with the method of
images. This method applies to unsteady subsonic flows. Finally,
in supersonic flow the methods of Woodward,11 Baals, Robins,
and Harris,14 Shrout15, and Kariappa and Smith16 should be
mentioned.

A general theory of the unsteady compressible potential flow
around lifting bodies having arbitrary configurations and
motions is presented in Refs. 17 and 18. Applications to finite
thickness wings in subsonic flow are given in Refs. 19-21. This
paper summarizes the results presented in Refs. 18 and 21. For
simplicity, only the subsonic flow is discussed; similar theoretical
results obtained for supersonic flow are given in Refs. 17 and 18.
The basic tool employed in the theory is the Green function
method. As is well known, applying the Green function method
for the wave equation yields the Huygens' Principle (or Kirchhoff s
formula), which is the Green theorem for the wave equation
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(see Ref. 22, p. 501). The theory presented here is a generalization
of the Huygens' Principle to the equation of the aerodynamic
potential in a frame of reference traveling at velocity U^ with
respect to the undisturbed air. In addition, there are cases (such
as helicopter blades or spinning missiles, for instance) in which
the surface of the aircraft cannot be assumed to be fixed with
respect to the frame of reference, even when this is traveling at
velocity U^ with respect to the undisturbed air. Hence, the
surface a (surrounding body and wake) is assumed to be moving
with respect to the frame of reference.

II. Formulation 6f the Problem
The perturbation velocity potential </> for a flow having free-

stream velocity U^ in the direction of the positive x-axis is given
by

V2<t>-(\la^2)[d/dt+U^dldx\2<l> = F (I)
where F is the contribution of the nonlinear terms. Let the
surface of the body be described in the general formj

S(x,y,z,t) = 0 (2)
Then the boundary conditions on the body are given by
DS/Dt = 0 or

^vs i 'dS dS\
Jt + U-fo) (3)

In order to solve this problem, it is convenient to transform
it into an integral equation. Consider the Green function of the
linearized equation of the subsonic potential

G=-(l/4nrf)5(tl-t + &) (4)
where 6 is the Dirac delta function and

The generalized Huygens' Principle derived in Ref. 17 by using
the classical Green theorem method is given by
4nE(t>(x, y, z, t) =

da°
«.2*i* |ViSl

dt

ill:
where d/dtl = d/dtl + U^ d/dxlt and

E — 0 inside a
E = on a

(7)

(8)
E = 1 outside a

and [ ]e indicates evaluation at t j = t— 9. Similarly, a° is the
surface given by

Se = S(x1,yl,zl,t-0) = Q (9)
where (xpypZi ) is the dummy point of integration on ae. If
initial conditions are prescribed, Eq. (7) should be modified as
indicated in Appendix F of Ref. 17.

It should be noted that if the point is on the hyper surface
5 = 0, Eq. (7) yields an integro-differential equation which may
be used for evaluating the value of $ on the surface. The con-
tribution of the nonlinear terms, if not negligible, may be
obtained by successive approximations or by asymptotic expan-
sions (singular perturbation methods). It may be noted that
Eq. (7) is very general since it is valid even if the surface of
the body is moving in time with respect to the frame of
reference (helicopter blades, spinning missiles, etc.). However,

J For convenience, the arbitrary multiplicative sign in Eq. (2) is
chosen so that VS has the direction of the outwardly directed
normal n.

even if the nonlinear terms are negligible, the solution of Eq. (7)
is quite cumbersome, hence possible simplifications are described
in the following. In many practical applications, one deals with
small perturbation flow around surfaces with negligible motion
with respect to the frame of reference. In this case, the surface
oe can be replaced by the time-independent surface G given by
S(x, y, z) = 0. The term dS/dt will be retained only in the
boundary conditions. Then, neglecting the nonlinear terms and
introducing the generalized Prandtl-Glauert transformation

X = x/pL, Y = y/L, Z = z/L, T = a^t/L (10)
where L is a characteristic length of the body, Eq. (7) reduces
to

4nE<j>(X.Y,Z,T)=-<0> \-£- -

^r-z\£\<iz (ii)
where 0 = a^6/L = M(Xl-X)+R, N is the normal to the
surface I, of the space X, Y, Z and

R = [(Xl-X)2 + (Yl-Y)2 + (Zl-Z)2']112 (12)
Finally, neglecting terms of the same order of magnitude as the
nonlinear terms, d(f>/dN can be replaced by dcfr/dn, which is
known from the boundary conditions, Eq. (3).

Further simplification is obtained for the problem of harmonic
oscillations (with frequency co) about a fixed configuration. In
this case, introducing the complex potential </> such that

</>(*, Y,Z,T) = $(X, Y, Z)eifl(T+MX) (13)
and neglecting higher order terms in the boundary conditions,
Eq. (11) reduces to

Y, Z) = - R R

with
(14)

In Eq. (13), Q is the compressible reduced frequency and

In summary, for oscillatory subsonic flow, the solution can
be obtained from Eq. (14) in which the surface is assumed to
be time-independent (except for the boundary conditions) and the
effects of higher order terms in the differential equation, Eq. (1),
and the boundary conditions have been neglected. As previously
mentioned, these effects can be obtained eventually by perturba-
tion methods, which are now being explored.

It may be noted that, as already mentioned, if the point X, Y, Z
is outside Z, Eq. (14) is an integral representation of the
potential <^> in terms of the values of <^> and </>(n) on the surface
Z. On the other hand, if the point X, Y, Z is on Z, Eq. (14) is
a two-dimensional Fredholm integral equation of second kind
relating the unknown values of (f> on Z to the known values of
(p(n\ Once this equation has been solved by some approximate
method, Eq. (14) itself can be used to evaluate c/> as well as its
derivatives (perturbation velocity components) anywhere in the
flowfield. Finally, using the Bernoulli theorem the pressure can
also be evaluated.

It should be noted that if the thickness of the body approaches
zero (thin wings, for instance) the term which contains the
boundary condition vanishes. This implies that for very thin
wings the integral equation is near singular. Hence, the formula-
tion proposed here would not be complete unless the question
of existence and uniqueness is analyzed. Also, the treatment
of the wake and the Kutta condition should be considered. Thus,
in order to study the feasibility, the method was applied to the
worst possible case, that is, very thin wings. For, if the method
works for thin wings, it can be safely assumed to be valid for more
complex configurations as well.§ Hence, only the numerical

§ Recent results, obtained for complex configurations in subsonic
and supersonic, steady and oscillatory flow, confirmed the conclusions
anticipated here.
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Fig. 1 Geometry of problem : elements and control points.

results necessary to discuss the near-singular behavior for small
thickness are presented here. First, the numerical formulation
used for obtaining the results is summarized. For simplicity, only
the steady-state formulation is given here. The extension to
oscillatory flow is outlined in the Appendix.

III. Numerical Procedure
If the point X, Y, Z is on L, E = \, and Eq. (14), for steady

flow, reduces to

<I>(X, Y, Z) - - —2n

It should be noted that, if 0(n) is known everywhere on I,,
Eq. (16) is a Fredholm integral equation of second kind, whose
solution exists and is unique (solution of the external
Neumann's problem for the Laplace equation). However, the
branch of the surface L, surrounding the wake, is not known.
A finite element representation of a wake is possible10'23 but
unnecessary here. Hence, the simplified procedure used in Ref. 17
is summarized here. The wake is assumed to be composed of
straight vortex lines emanating from the trailing edge and parallel
to the direction of the undisturbed flow. Since the pressure is
continuous across the wake, A(/> = (/>„ — </>/ is constant along a
vortex line and equal to its value, Ac/>r£, at the trailing edge.
Noting that the source contribution of the wake is equal to
zero, Eq. (16) reduces to

1 ff , , , 1 , 1 Cf d (^

i r
\(Yl-I

Y) '•-(ZTE-Z) dY,\ -3 (17)

where XB is the surface of the body and Jr£ indicates the
integration along the trailing edge. The integral with respect to
X1 is evaluated analytically as

1.0

e
.8

.6

T-.OOI
T--.OI

.2 .4 .6 .8 1.0

Fig. 3 Lift distribution coefficients at root elements for i = 0.001.

(18)

Except for a few special cases, Eq. (17) must be solved by
using some approximate numerical method. The one used here
was chosen mainly because of its flexibility (for wing-body-tail
interaction, for instance). The surface ZB is divided into N small
finite surface elements, Zt-, see Fig. 1. The potential </> is assumed
to be constant within each element and equal to the value </>-,
at the centroid of the element. Then, by satisfying Eq. (17) at the
centroid of each element, one obtains a system of N linear
equations and N unknowns

where

and
d ( 1

f c = 1,2,. . . , N ) (19)

(20)

(21)

In Eqs. (20) and (21), Rk is the distance of the centroid of the
element Zk from the dummy point of integration. The coefficients
cki are evaluated analytically by assuming that the element I. is
replaced by its tangent plane at the centroid. A similar procedure
is used for bk. The analytical expressions for the evaluation of
cki and bk are given in Appendix E of Ref. 17 for tangent-plane
elements having trapezoidal planforms. Finally, the coefficients,
wkl., which represent the contribution of the wake, are obtained
as follows. The value of Ac/>r£ is assumed to be equal to the value
A(/> evaluated at the centroids of the elements in contact with the

.8 l.O

-5

Fig. 2 Lift distribution coefficients at root elements for NX = NY = 4. Fig. 4 Potential distribution for i = 0.001 and NX = NY = 7.
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Fig. 5 Lift distribution coefficient for T - 0.001 and ATX = NY = 7.

Fig. 7 Lift coefficient
for a rectangular wing.

trailing edge : this assumption is reasonable in view of the Kutta
condition that the pressure difference vanishes at the trailing
edge. Hence, the coefficients wki are given by

v--±i (22)

for the elements, Iis in contact with the trailing edge, and wki = 0
otherwise. In Eq. (22), the upper (lower) sign holds for the upper
(lower) surface of the wing.

It may be worth noting that the aforementioned is the only
use made of the Kutta condition. This seems to be a consequence
of the discrete formulation of the problem (see for instance,
Ref. 8, pp. 35-45). It may be noted, however, that if the unknowns
are assumed to be the values of $ at the comer of the elements,
the Kutta condition must be imposed, since for a control point
at the trailing edge, only one equation is available (the ones
for the upper and lower sides being identical) for two unknowns,

IV. Numerical Results
Equation (19) can be solved numerically. However, as

previously anticipated, if the thickness of the wing goes to zero,
the operator of Eq. (17) becomes singular and correspondingly,
the determinant of Eq. (19) becomes equal to zero.17 This implies
that the proposed theory has a limitation. For, if the thickness
ratio is too small, the determinant is very close to zero and
strong elimination of significant figures is expected. Hence, in
order to study the feasibility of the method, Eq. (19) has been
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.8
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.2

+ PRESENT THEORY

o EXPERIMENTS
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THEORY

2y/b=5

±T^r
.2 .4 .6 ~ 8

Fig. 6 Comparison to
experimental and theo-
rectical results for T =
0.001 and NX = NY = 1.

solved numerically for wings having thickness ratios as close as
possible to zero. Typical results are presented here.

The wing geometry at zero angle~of~attack is given by

y - (b/2)q (23)

where c is the chord and b is the span of the wing. In order to
compensate for the square-root behavior of the potential at the
leading edge and the tip of the wing, the transformation

{ = ** f / = l - ( l - f ) 2 (24)
was introduced. Surface elements with projections in the X, 7
plane of constant size

AJT = I /NX AF - I /NY (25)
(NX and NY are the number of elements in X and F direction,
on half wing) were used. The centroid is the center of element
in the X, T plane. Finally, the lift distribution coefficient,Cf, is
evaluated as

Cl^2(d/dX)(^4>l)dX/dx (26)
where dX/dx — l/(2cX) and the derivative with respect to X is
evaluated by finite difference,

It should be noted that the transformation, Eq. (24), although
convenient (to improve the rate of convergence and for the
evaluation of the pressure coefficient), is not essential to the
problem. Also, as previously mentioned, the pressure can be
evaluated from the value of the velocity obtained by differentiat-
ing the integral representation for </?, Hence, Eq. (26), although
convenient, is not essential to the method, A feasibility analysis
is present in Figs. 2 6 for a rectangular wing with aspect ratio
^ = 3, angle-of-attack a = 5° and Mach number M = 0.24.
The effect of the thickness is shown in Fig, 2 where Cl is the
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6
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— PRESENT METHOD (7*7)

O WIDNALL
Fig. 8 Lift coefficient

for a delta wing.

0 .2 1.0
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Fig. 9 Lift coefficient
for a tapered wing.
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Fig. 11 Analysis of con-
vergence : C, at root ele-
ments for a rectangular
wing oscillating around
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lift distribution coefficient. As previously mentioned, this analysis
is important because it shows that the method is feasible despite
the anticipated elimination of significant figures: no claim is made
here that Fig. 2 indicates the thickness effect on Ct, since this is
affected by nonlinear terms. For the same reason, only pressure
difference (instead of pressure distribution) is examined here. The
analysis of convergence is presented in Fig. 3. The velocity
potential </> and the lift distribution coefficient C/ over the wing
are given in Figs. 4 and 5, while a comparison with existing
experimental24 and theoretical25 results is shown in Fig. 6.

Other results for wings in steady state are presented in Figs. 7-
10. In Fig. 7, the results for a rectangular wing of aspect ratio
jR = 1 at M = 0.2 are compared to the ones of Hsu,26

Kulakowski and Haskell,27 and Cunningham,25 whereas in
Fig. 8, the results for a delta wing with At = 2.5 and M = 0
are compared to the ones obtained by Widnall.28 Finally in
Fig. 9, a tapered wing of At = 3, taper ratio T.R. = 0.5 and
M = 0.8 are compared with the theoretical results of Cunning-
ham25 and the experimental ones of Kolbe and Boltz.29

In Fig. 10, the section lift coefficients CL (which are generally
more significant than the pressure distribution, since small error
on Cp near the leading edge may yield large errors on Cf) are
compared to the values obtained by Yates30 for a rectangular
wing with At = 4 and M = 0.507.

Results for oscillating wings are presented in Figs. 11-15.
Figures 11-13 present the results for a rectangular wing with
aspect ratio At — 2, M = 0 and reduced frequency k=o>c/l/00 = 2,
rigidly oscillating around the axis x = c/2. Figure 11 presents
the analysis of convergence and Fig. 12 the thickness effect. These
confirm the results obtained for the steady-state problems that
the convergence is very fast and that the thickness effect is very
small. In Fig. 13, the results are compared to the ones obtained
by Laschka.31

Figures 14 and 15 present the results for a rectangular
wing with aspect ratio A = 3, oscillating in a bending mode
described by3'24

Fig. 10 Section lift
coefficient CL for rect-

angular wing.

O PRESENT METHOD
(7*7,T-001)

z = 0.18043 \y/s\ +1.70255 |y/s|2-
1.13688 |j;/s|3 + 0.25387 |y/s|4 (27)

where s is the semispan of the wing. The results (for M = 0.24
and k = a)c/2U^ = 0.47 and thickness ratio i = 0.005) are
normalized by dividing by the velocity of the wing at the tip.
The results are compared to the ones obtained by Lessing et al.,24

and Albano and Rodden.3
In conclusion, if one takes into account the fact that the

numerical formulation is still very crude, the results presented
above indicate that the agreement of the present method with
existing results is surprisingly good. More refined numerical
formulations are now being explored.

V. Conclusions
A general theory for steady and unsteady, subsonic flows

around complex configurations has been developed and applied
to finite-thickness wings, for steady and oscillatory flows.

The results obtained indicate that the method is accurate
even for very small thickness ratios (good results were obtained
even for thickness ratio T = 1/1000, although some elimination
of significant figures was encountered). Furthermore, the com-
puter time was surprisingly small: for steady state it ranges from
13 sec for NX = NY = 4, to 128 sec for NX = NY = 7, while
for unsteady state it goes from 39 sec for NX = NY = 4, to
159 sec for NX = NY = 6. These results were obtained on the
IBM 360/50 at Boston University. An advantage was taken of
symmetry with respect to the y-axis and antisymmetry with
respect to the z-axis. Applications to complex configurations

Fig. 12 Effect of thick-
ness for rectangular wing
oscillating around axis
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Fig. 13 Rectangular
wing oscillating around
axis x = c/2: C, at rj =
0.15 (NX = NY -7,

T - 0.001).

0
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A IMAG. PART RODDEN

Fig. 15 Rectangular
wing oscillating in bend-
ing mode (&= 3, M =
0.24, /c = 0.47): Cl at

i; - 0.9.

are now under way and the results obtained thus far indicate
similar conclusions. In summary, the method has a very broad
applicability since it is accurate, fast and can cover subsonic
steady and unsteady flow around complex configurations.

Finally, it may be worth adding a few comments about
alternative numerical formulations which can be used in con-
nection with the theoretical results, Eq. (7), presented here.
Again, for the sake of simplicity, the discussion is carried out
for the steady incompressible case. Consider first the normal
derivative of the basic equation

\ dndnl \4nRĴ ]dZ (28)

By taking the limit as the control approaches 2, one obtains
an integral equation, different from Eq. (16), which has the
advantage that if the thickness is equal to zero, the operator
is not singular; the limit equation is the one used by
Haviland.32

Two other alternative formulations are obtained by intro-
ducing a convenient flowfield inside the surface Z (see Lamb,22

pp. 58-61). If the value of the potential is continuous across the
surface, one obtains

=<Q)S —4nR
(29)

where 5 is the intensity of the source distribution (equal to
the discontinuity in normal velocity). On the other hand, if the
normal velocity is continuous across the surface, then one obtains

(30)

O REAL PART] ALBANO
A iMAaPART]RODDEN

——- THEORY

O REAL

D IMAG. PART J

—— PRESENT METHOD

0 .2

Fig. 14 Rectangular
wing oscillating in bend-
ing mode (dl = 3, M =
0.24, k = 0.47): Ct at

.4 x_ .6
~c

.8 ID

where D is the intensity of the doublet distribution (equal to the
discontinuity of (/>). By taking the normal derivative of Eqs. (29)
and (30) and imposing the boundary conditions, one obtains two
integral equations for the unknowns 5 and D, respectively.
These methods are used, for instance, by Hess and Smith7 and
Djojodihardjo and Widnall,10 respectively. It may be noted that
more complex formulations can be obtained by combining two
or more of these four basic methods, Eqs. (17, 28-30). The
advantages and disadvantages of the four basic methods are
briefly discussed here. Note first that the "source method,"
Eq. (29), is limited to nonlifting bodies: extensions to lifting
configurations must include doublet distributions as well.8 On
the other hand, the other two methods, Eqs. (28) and (30), if
applied to a closed surface, involve a singular operator (which
yields a determinant equal to zero). For, outside X

(31)

(where fi represents the solid angle17) and thus its normal
derivative is zero: hence, Eqs. (28) and (30) have a nontrivial
(constant) solution for the homogeneous problem.^ Thus, the
method presented here is the only one of the four basic
methods, which can be applied to "closed-surface" description
of lifting configurations. On the other hand, as previously
mentioned, combinations of two or more of the four basic
methods can be usefully employed. Various combinations are
now being explored.

VI. Appendix A
The numerical formulation for subsonic oscillatory flows is

outlined in this Appendix. Starting from Eq. (14), with E = \,
and using the same procedure described in the main body of
this paper, one obtains an equation of the type of Eq. (19)
where now

I 27LRfc

£ - ff 1
- £ [(/>(n)e lQ*k]P=P«> -TV^< (A1)

i = i JJi,Z7rKfc
a /g'^fc\

^v7v"2^J^Zi':

i (A2)

where the integrals are equal to the steady-state case and are
evaluated in the same way. Finally, the expression for wki is still
the same except for Eq. (18) which is replaced by17'21

^ It should be noted however, that these two methods can be used
for open surfaces (lifting surfaces32), or for the analysis of the
transient response.10
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(A3)
where R0 = l(Y1 - 7)2-h(Z1 -Z)2]1/2, K = Qj5R0/M and Iv and
K ! are the modified Bessel functions of first order of first and
second kind, respectively. Finally, the function F is given by

F(u) = £ Fn(u) (A4)
i

where Fn can be evaluated by using the recurrent formula
1 , _ „,. „„„ ._, K2 vn_2(u) (A5)

n(n —
with

F!(II)= -Hc(l+u2)

F2(M)= - W

2\ l /2

(A6)

Note that 17 for Z = Zx, 7W yields a closed form representation
of the classical Kernel function of Ref. 33.
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